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Abstract

The concept of asymptotic smooth transformation was in-
troduced by J. Hale [10]. It is a very important property for
a transformation between complete metric spaces to have a
global attractor. This property has also consequences on asymp-
totic stability of attractors. In our work we study the condi-
tions under which the Zadeh’s extension of a continuous map
f : Rn → Rn is asymptotically smooth in the complete metric
space F(Rn) of normal fuzzy sets with the induced Hausdorff
metric d∞ (see Kloeden and Diamond [8] ).

Keywords : Fuzzy Dynamical Systems, Global Attractors.

Subjclass: 37B25, 54A40, 54H20.



142 Laécio Barros, Suzana Oliveira and Pedro Tonelli

1. Introduction

To find attractors of a discrete dynamical system on a infinite di-
mensional space, one is faced with the problem of characterizing the
compact subsets of that space. This is a topological issue, and in
some sense, one is generally led to the conclusion that there are “few”
compact sets in that space [17]. As a consequence one has to rely on
properties of regularity of the mapping that generate the dynamical
system. There are some concepts affecting the dissipativity of a sys-
tem that are irrelevant for the finite dimensional spaces but important
when the space is infinite dimensional. In our specific case we will fo-
cus on the concept of asymptotic smoothness of the mapping on the
space of fuzzy vectors.

The concept of asymptotic smoothness was introduced by J. Hale
in [10]. Every continuous transformation between finite dimensional
vector spaces are asymptotically smooth. This is not true for transfor-
mations between infinite dimensional Banach spaces or metric spaces.
From the dynamical point of view, an important property of an asymp-
totically smooth map is that the existence of a compact set that at-
tracts locally points implies that the compact set also attracts locally
compact sets. A practical consequence of this result is the use of an
iteration procedure to approximate global attractors. J. Hale gives
some examples of asymptotic smooth transformations in infinite di-
mensional spaces. Our objective in this paper is to provide another
class of such mappings using the Zadeh’s extensions of a continuous
transformation in Rn.

Extending a map T : Rn → Rn to a map in the fuzzy space
T̂ : F (Rn) → F (Rn) using the extension principle is a standard pro-
cedure in fuzzy sets theory [18]. This procedure is particularly useful
if one knows a deterministic process but has a fuzzy initial condition,
see, for instance [2]. Many works on fuzzy dynamical systems treat the
case of Zadeh extensions [9, 12, 13, 6], since they have many suitable
properties. For instance, such systems may preserve the α-levels.

Results that associate the regularity of a transformation and its
Zadeh’s extension can be found in the works of Nguyen [14], Barros
et al. [1, 16] and Ma et al. [9].

In this paper we study how far the dynamical properties of a map
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in Rn are transported to its Zadeh’s extension defined on F (Rn) [14].
Also, we indicate a procedure to obtain an attractor, when it exists.

Attractors of a such discrete dynamical system in the space F (Rn)
appear often as limit sets of an iteration system. Some instances of
this application can be found in the works of Cabrelli et al. [4] and
Barros et al. [2].

In [4], Cabrelli et al. introduce the iterated fuzzy sets systems,
and study their orbits as approximation of fractals and other images.
These sets should be global attractors in F (Rn), and this forces the
family of transformations Tk : F (Rn) → F (Rn), that originate the
iterated fuzzy sets systems, to be asymptotically smooth. In that
paper the hypothesis that Tk are Zadeh’s extensions of Lipschitzian
maps in R2 is sufficient for the existence of a global attractor.

In [2], Barros et al. considers the fuzzification of population growth
models. This is obtained considering the Zadeh’s extension of the so
called Malthus-Verhulst (or logistic) models. The work shows that,
besides the known attractors of the deterministic logistic system, there
are other fuzzy attractors.

The paper is organized as follows: In section 2 we recall the main
definitions and known results from dynamical systems theory and
fuzzy set analysis. In section 3 we present a discussion of the proper-
ties of compact sets in F (Rn) that affect our work. Section 4 contains
our main results that give some condition under which the Zadeh’s ex-
tension of a continuous transformation is asymptotically smooth. In
the last section we present some examples.

2. Preliminaries

If X is a metric space and T : X → X is a continuous transformation
then we have a discrete dynamical system. For the basic notations
and definitions on dynamical systems we refer to Hale [10]. We say
that T is asymptotically smooth if, for each nonempty bounded and
closed set B ⊂ X for which T (B) ⊂ B, there is a compact set J ⊂ B
such that J attracts B. We recall that J attracts B if for each neigh-
borhood of J there is a positive n0 such that T n(B) is contained in
that neighborhood for all n ≥ n0 (see Hale [10] page 9). An impor-
tant property is that if T is an asymptotically smooth map then a set
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attracts locally points if and only if it attracts locally compact sets.
Cooperman [5] and Brumley [3] have given examples showing that this
is not always true for general continuous transformations on infinite
dimensional Banach Spaces.

The concepts of limit sets of dynamical systems are classical. Here
we will need the following: the ω-limit of a subset B of X is given by:

ω(B) =
⋂

n>0

cl(
⋃

k≥n

T k(B)).

It is clear that if B is such that T (B) ⊂ B then

ω(B) =
⋂

n>0

cl(T n(B))

The next Lemma can be found in Hale [10] (page 11, Cor. 2.2.4).

Lemma 1 If T is asymptotically smooth and B is a nonempty
bounded set such that its positive orbit is bounded, then ω(B) is
nonempty, compact, and invariant and ω(B) attracts B.

Next we recall some definitions on fuzzy metric spaces.
The family of all compact nonempty subsets of Rn will be denoted

as Q (Rn). We also indicate F (Rn) as the family of fuzzy sets u :
Rn → [0, 1] whose α-level:

[u]α = {x ∈ Rn : u(x) ≥ α} 0 < α ≤ 1 and

[u]0 = cl{x ∈ Rn : u(x) > 0}
are in Q (Rn).

It is known that the metric

d∞(u, v) = sup
0≤α≤1

h([u]α , [v]α)

where h is the Hausdorff metric in Q (Rn), makes the spaces
(F (Rn) , d∞) into complete metric spaces [15].

Let f : Rn → Rn be a mapping then we define the Zadeh’s exten-
sion as:

f̂(u)(x) =

{
supτ∈f−1(x) u(τ) if f−1(x) 6= ∅
0 if f−1(x) = ∅
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for all fuzzy sets u.
The problem we addressed here is: What are the conditions for

a continuous transformations on Rn to have its Zadeh’s extensions
asymptotically smooth? Note that since the Zadeh’s extensions of the
identity in Rn is the identity in F (Rn), and that not all bounded
closed set in F (Rn) are compact, the identity map doesn’t have this
property.

The proof of the following results can be found in [1].

Theorem 1 If f : Rn → Rn is continuous then f̂ : F (Rn) →
F (Rn) is well defined and for all α ∈ [0, 1] we have

[
f̂ (u)

]α
= f([u]α).

We will need also a recent result of Roman-Flores et al. [16]

Theorem 2 If f : Rn → Rn is continuous then f̂ : F (Rn) →
F (Rn) is continuous with respect to the metric d∞.

3. Some facts on compact sets on F (Rn)

Our strategy is to study the problem using the definition of an asymp-
totically smooth map. Then we should be able to determine when a
subset of F (Rn) is compact or not. In the book of Kloeden and Dia-
mond [8] one finds the characterization of compact sets in the space of
fuzzy sets with convex levels which does not fits our purpose since our
levels are only compact sets in Rn. The best approach we have found
in the literature is the article of Roman-Flores [17]. In that paper it
is shown how difficult it is to find a compact set in F (Rn). A result
that is of great importance here is the following: If K is a compact
set in Rn then JK = {u ∈ F (Rn) : [u]0 ⊂ K} is compact if and only
if K has diameter zero! Our candidate to be an attractor will be of
this type but we have also good properties for this candidate.

Lemma 2 Let K ⊂ Rn be a compact set and A = {u ∈ F (Rn) :
[u]0 ⊂ K}. Then A is a bounded closed set of the metric space
(F (Rn) , d∞).
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Proof: To see that A is bounded note that the distance of A to the
point 0̂ (the characteristic function at 0) is finite. Indeed, denoting by
h the Hausdorff metric between compact sets

d∞(0̂, A) =inf
u∈A

d∞(0̂, u) =inf
u∈A

sup
α∈[0,1]

h({0}, [u]α)

≤sup
x∈K

d(0, x) = M < ∞

Now A is closed. In fact, consider a convergent sequence un in A
with limit u, the convergence being in the metric d∞ then we have in
particular that h([un]0 , [u]0) → 0 and since [un]0 ⊂ K then [u]0 ⊂ K
proving that u belongs to A. In other words A contains all its cluster
points and then is closed. QED

4. The asymptotic smoothness problem

The main results will follow from a sequence of lemmas. Let f : Rn →
Rn be a continuous transformation and f̂ : F (Rn) → F (Rn) its
Zadeh’s extension which is continuous according Theorem 2. To prove
that f̂ is asymptotically smooth we have to prove that for each closed
bounded set B ⊂ F (Rn) such that f̂(B) ⊂ B there is a compact
set J ⊂ B that attracts B. We take a closed bounded nonempty B.
Note that for each u ∈ f̂(B) and v ∈ B such that f̂(v) = u we have

[u]α =
[
f̂ (u)

]α
= f([u]α), by using Theorem 1.

Lemma 3 Let B be as above and define Bα = cl(
⋃

u∈B α) ⊂ Rn.
There exists a compact set K ⊂ Rn such that [u]0 ⊂ K for all u ∈ B.
Hence Bα is bounded for each α ∈ [0, 1].

Proof: Take a point x in Rn and denote as x̂ its characteristic func-
tion. Since B is bounded there exists a r > 0 such that the ball with
center in x̂ and radius r contains the entire set B. In other words, for
all u ∈ B d∞(x̂, u) ≤ r. According to a result that can be found in [1]
this metric can be written as

d∞(x̂, u) = sup
0≤α≤1

inf{a : [u]α ⊂ Ba(x) and x ∈ Ba([u]α)}
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where Ba(x) denotes the Euclidean ball centered in x. Then it follows
immediately that [u]0 ⊂ Br(x) ⊂ clBr(x) = K. Now since [u]α ⊂ [u]0

follows [u]α ⊂ K what proves the lemma. QED

Lemma 4 Consider Bα as in Lemma 3. Then Bα are closed bounded
and satisfy f(Bα) ⊂ Bα. Therefore there is a compact set Jα ⊂ Bα

that attracts Bα.

Proof: In fact the only assertion that has to be proved is that f(Bα) ⊂
Bα. The rest follows immediately from definitions, Lemma 2 and
the fact that every continuous transformation in Rn is asymptotically
smooth.

Take x in Bα. By definition x is the limit of a sequence xn with
xn ∈ [un]α and un ∈ B. Therefore we have

f(xn) ∈ f([un]α) =
[
f̂ (u)

]α ⊂ Bα.

Since f is continuous f(xn) converges to f(x) ∈ Bα and this completes
this proof. QED

Using the Lemma 1 we can define the special compact invariant
sets Jα = ω(Bα). These are the attractors we will consider. Now we
can prove.

Lemma 5 For 0 ≤ α1 ≤ α2 ≤ 1 we have Jα2 ⊂ Jα1 .

Proof: We have that Bα2 ⊂ Bα1 . Observing that in this case the
omega limits can be written as:

Jα2 = ω(Bα2) =
⋂

n≥0

fn(Bα2) ⊂
⋂

n≥0

fn(Bα1) = Jα1

and then follows the result.
We define J = {u ∈ B : [u]0 ⊂ J0}.

Theorem 3 If f̂ : F (Rn) → F (Rn) is asymptotically smooth then
J is nonempty for all nonempty closed bounded B with f̂(B) ⊂ B.
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Proof: We take a closed bounded B with f̂(B) ⊂ B. Since we are
assuming that f̂ is asymptotically smooth, we can use Lemma 1 to
construct the attractor K = ω(B) which is also nonempty, compact
and invariant. Again, take K0 = cl

⋃
u∈K [u]0. It’s easy to see that

a) K0 is a compact set contained in B0. And this is clear.
b) K0 is an invariant set for f (i.e. f(K0) = K0). In fact, if x ∈ K0

then we know that x is a limit of a sequence xn such that xn ∈ [un]0

and un ∈ K then follows: f(x) = limn→∞ f(xn). Now

f(xn) ∈ f([un]0) =
[
f̂ (un)

]0 ∈ K0

this shows that f(K0) ⊂ K0.
To prove that K0 ⊂ f(K0), we repeat the process taking x ∈ K0

and xn as above. Now since K is invariant for f̂ we have that un =
f̂(vn) where vn ∈ K. Then for each n ≥ 0 we have xn = f(yn)
where yn ∈ [vn]0 ⊂ K0. Choosing a subsequence, if necessary, we take
y = limn→∞ yn. By continuity of f follows that x = f(y). Hence K0

is an invariant set of f .
Now J0 attracts B0 and also K0. This means that for each ε ≥ 0

there is an n0 such that for n ≥ n0, fn(K0) ⊂ N(J0, ε) or K0 ⊂
N(J0, ε) using the invariance. Here N(J0, ε) stands for an ε-neighborhood
of J0. This proves that in fact K0 ⊂ J0 because ε is arbitrary and then
J 6= ∅. QED.

In particular if J = ∅ then f̂ isn’t asymptotically smooth.

Theorem 4 Suppose that f̂ : F (Rn) → F (Rn) is asymptotically
smooth, B a nonempty, bounded, closed subset of F (Rn) such that
f̂(B) ⊂ B, K = ω(B) and Jα = ω(Bα). Then Kα = Jα.

Proof: The proof that Kα ⊂ Jα can be done as in the above Theorem
changing the index 0 by α. It remains to prove that Jα ⊂ Kα. We
know that K attracts B, therefore given ε > 0 there exists n0 such
that for n ≥ n0, f̂n(B) ⊂ N(K, ε) this implies that for each α ∈ [0, 1],
fn(Bα) ⊂ N∗(Kα, ε) where

N∗(Kα, ε) = {x ∈ Rn : d(x,Kα) ≤ ε}.
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It follows from the definition of Jα that

Jα ⊂
⋂

n≥n0

fn(Bα) ⊂ N∗(Kα, ε).

This is true for every ε > 0 then follows the result. QED.
The set J , according to the above proposition, is the best candidate

in which we can find an attractor. It could be the empty set, and
in this case the Zadeh’s Extension isn’t asymptotically smooth. We
give some examples where we can decide on the smoothness of the
transformation and even determine the attractors.

5. Examples

We present two examples.
Let f : Rn → Rn be a continuous transformation, such that {0}

is the unique global attractor of f . Then f̂ : F (Rn) → F (Rn) is
asymptotically smooth.

It is clear that f̂ : F (Rn) → F (Rn) is continuous. We take a
bounded closed set B ∈ F (Rn) such that f̂(B) ⊂ B. Now we shall
prove that:

(A) χ{0} attracts B;
(B) χ{0} ⊂ B.
Since the set {χ{0}} is compact in F (Rn) it follows our result.
To prove (A) note that for each α ∈ [0, 1] the set Bα = cl(

⋃
u∈B [u]α) ⊂

Rn is compact, and then {0} attracts Bα. This means that for each
ε > 0 there is an nα ∈ N such that fn(Bα) ⊂ N({0}, ε) for all n > nα.
Here N({0}, ε) denote the ε-neighborhood of {0}. But since Bα ⊂ B0

we have fn(Bα) ⊂ N({0}, ε) for all n > n0.
For each u ∈ B, it follows that fn([u]α) ⊂ N({0}, ε) and since f is

continuous
[
f̂n (u)

]α ⊂ N({0}, ε). From this it follows the assertion

(A).
For the item (B) we take n0 such that d∞(f̂n(B), χ{0}) ≤ ε for

n > n0. This implies that χ{0} is in a ε-neighborhood of f̂n(B) and

then in a ε-neighborhood of B, because f̂n(B) ⊂ B. As this last
assertion is true for any ε > 0 we must have χ{0} ∈ B. The proof of
the result is complete.
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As a particular case, we can take f(x) = Ax where A is a linear
operator. We can restrict the analysis to the eigenspace associated to
the eigenvalues whose absolute values are less than one, and the above
result applies.

The next example shows that it is not always true that the Zadeh’s
extension is asymptotically smooth.

If f : Rn → Rn has a compact set K with infinite points as
attractor, then one can easily see that the set

B = {u ∈ F (Rn) : [u]0 ⊂ K}

is a bounded closed set for which f̂(B) = B. Since B is not com-
pact, according to Roman-Flores [17], then f̂ is not asymptotically
smooth. The meaning of this last example is that if f̂ has a global
attractor it will be hard to detect it since we can not use the theory
for asymptotically smooth transformation.

Theorem 4 can be understood as a way to produce fuzzy attractors
in a levelwise manner, although there is yet the problem to find out
a condition which decides if this attractor certainly exists. Another
possible way to follow, is to consider the dissipativity and asymp-
totic smoothness of time continuous dynamical systems in the sense
of Hüllermeier [11]. For this case, the concept of attractor has to be
generalized as in Diamond [7].
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Universidade estadual de Campinas
13081-970 CP 6065, Campinas
Brasil
e-mail : laeciocb@ime.unicamp.br

Suzana A. Oliveira Souza
Departamento de Matemática Aplicada
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