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1. Introduction and Conventions

Everywhere in the text of the present article, all rings R are assumed to be
associative, containing the identity element 1, which in general differs from
the zero element 0 of R, and all subrings are unital (i.e., containing the
same identity as that of the former ring). Our standard terminology and
notations are mainly in agreement with [15]. For instance, U(R) denotes
the set of all units in R, Id(R) the set of all idempotents in R, Nil(R)
the set of all nilpotents in R, J(R) the Jacobson radical of R, and C(R)
the center of R. For any unital subring P of a ring R, we standardly set
K[R,P ] = {(r1, r2, . . . , rn, b, b, . . .) | ri ∈ R, b ∈ P, n ≥ 1}. Then, it is easily
checked that this set forms a ring under the standard operations of general
addition and multiplication.

In the famous paper [25], generalizing the classical notion of boolean
rings in which rings each element is an idempotent, it was introduced the
fundamental class of (von Neumann) regular rings as those rings R for
which, for every r ∈ R, there is x ∈ R such that r = rxr. On the other
hand, in the subsequent important paper [8], it was considered a proper
subclass of regular rings under the name unit-regular rings as being rings
R for which r = rxr with x ∈ U(R). If r = r2x with rx = xr, these rings
are known as strongly regular rings. Good sources for examining these two
ring classes are [9] and [24] as well as [5], [12] and [17], respectively.

A common generalization of unit-regular rings is nicely presented in
[3] as the class of almost unit-regular rings was defined in the following
manner: A ring R is called an almost unit-regular ring, provided that, for
any element a ∈ R, either a or 1 − a is unit-regular. It was shown there
that there is an almost unit-regular ring which is not unit-regular (below
this will be somewhat strengthened in Example 2.10 to the new point of
view).

On the other vein, in the seminal paper [18], the class of clean rings
was defined and studied intensively as those rings R whose elements r are
a sum of a unit an idempotent, say r = u + e. If, in addition, ue = eu,
these rings are called strongly clean. It is well known that (see, e.g., [19])
strongly regular rings are strongly clean as the reverse implication is wrong.
Moreover, in [20] was constructed a unit-regular ring which is not strongly
clean.

On the other side, as an expansion of the concept of clean rings, in
[21] and [22] was introduced the class of weakly clean rings in the following
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manner: For every element a ∈ R, there exist a unit u and an idempotent
e such that a−u−e ∈ (1−e)Ra. It was shown there that there is a weakly
clean non-clean ring.

On the other hand, it was long known from [2] that unit-regular rings
R can be characterized as a special kind of clean rings as follows: A ring
R is unit-regular if, and only if, for any r ∈ R, there exist u ∈ U(R) and
e ∈ Id(R) such that r = u+ e with rR∩ eR = {0}. For a single element r,
such a decomposition was recently called ”special clean” in [14].

Our main purpose here is to develop the theory of unit-regular rings in
the more attractive sense of weakly clean rings from [21], and thus we will
rather naturally come to the definition of a weakly unit-regular ring. So,
with all of the above at hand, we put into consideration the following new
and slightly more precise notion.

Definition 1.1. A ring R is said to be weakly unit-regular if, for each
element a ∈ R, there are u ∈ U(R) and e ∈ Id(R) such that a − u − e ∈
(1− e)Ra with aR ∩ eR = {0}.

If, however, the existing idempotent in the representation of the element
a is unique, we shall say that the ring R is uniquely weakly unit-regular.

Clearly, any unit-regular ring is weakly unit-regular. However, whether
or not the converse implication is true, that is, there will exist a weakly
unit-regular ring which is not unit-regular, is unknown yet (compare with
Problem 2.12 stated below). Besides, the commutative, indecomposable,
finite ring Z4 = {0, 1, 2, 3 | 4 = 0} is manifestly not regular and also not
weakly unit-regular, which follows easily by a direct check. We shall demon-
strate in what follows that the classes of regular and weakly unit-regular
rings are independent each to other (see, for instance, Corollary 2.6 listed
in the sequel).

The motivation for writing up this paper is to discover some material-
ization between the already existing ring classes and the newly ones defined
above. This is subsumed by the observation that this more restricted class
of rings than the class of weakly clean rings possesses rather more exotic
properties and also has a more complicated structure than it could be an-
ticipated a priory.

2. Preliminary and Main Results

We foremost begin with a few useful facts and observations concerning weak
unit-regularity.
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Proposition 2.1. If R is a weakly unit-regular ring, then J(R) = 0.

Proof. Let a ∈ J(R). Then there exist e2 = e ∈ R and u ∈ U(R) such
that a− e− u ∈ (1− e)Ra and eR ∩ aR = {0}. As (1− e)Ra ⊆ J(R), one
has that e is a unit. Thus, e = 1 and aR = aR ∩ R = {0}. So, a = 0, as
desired. 2

In view of Proposition 2.1, for any ring R, the power series ring R[[x]]
and the upper triangular matrix ring Tn(R) are manifestly not weakly
unit-regular whenever n ≥ 2.

Besides, it immediately follows from the above proposition that a weakly
unit-regular ring is local (that is, each element is either a unit or lies in
the Jacobson radical) exactly when this ring is a division ring. In fact,
R/J(R) ∼= R is such a ring.

The last observation can be slightly enlarged thus:

Proposition 2.2. A weakly unit-regular ring R is with only trivial idem-
potents if, and only if, R is a division ring.

Proof. Assume that R is weakly unit-regular and Id(R) = {0, 1}. For
any a ∈ R\{0}, one writes that a− e− u ∈ (1− e)Ra with eR ∩ aR = {0}
for some e ∈ Id(R) and u ∈ U(R). As aR 6= 0, we have e = 0. Thus
a − u ∈ Ra, which implies that u ∈ Ra. Let u = ra with r ∈ R. Then
u−1ra = 1 and, therefore, a(u−1r) = 1 as it is a nonzero idempotent. So,
a ∈ U(R), and hence R is a division ring. The converse is clear. 2

Recall that a ring R is strongly regular if, for every a ∈ R, there exists
b ∈ R such that a = aba and ab = ba. It is well known that a ring is
strongly regular if, and only if, it is abelian (i.e., all idempotents of the ring
are central) regular if, and only if, it is reduced (i.e., without non-trivial
nilpotents) regular (see, e.g., [9]). The next fact, which can be treated as a
non-trivial extension of Proposition 2.2, is of some interest and importance.

Proposition 2.3. Let R be a ring. Then the following three statements
are equivalent:

(1) R is strongly regular.

(2) R is abelian weakly unit-regular.

(3) R is uniquely weakly unit-regular.
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Proof. ”(1)⇒ (2)”. As strongly regular rings are obviously unit-regular,
the result follows at once.

”(2) ⇒ (1)”. Let a ∈ R. Since R is weakly unit-regular, there exist
e2 = e ∈ R, u ∈ U(R) and x ∈ R such that a − e − u = (1 − e)xa and
eR ∩ aR = 0. As all idempotents are central, ae = ea = 0. By multiplying
1− e on both sides of a− e− u = (1− e)xa, we have u(1− e) = (1− x)a.
So 1 − e = u−1(1 − x)a. Write s = (1 − e)u−1(1 − x). Then 1 − e = sa,
s = (1 − e)s and s = sas. Note that as and sa are idempotents. So,
as = a(sas) = a(sa)s = (sa)(as) = s(as)a = sa. Observing that

(s− e)(a− e) = (a− e)(s− e) = as− ae− es+ e = as+ e = 1− e+ e = 1,

we obtain that a − e := v ∈ U(R). Since ae = ea = 0, it readily follows
that a = a(1− e) = v(1− e) = (1− e)v. It follows now that a = av−1a and
av−1 = v−1a. Thus R is strongly regular, as asserted.

”(1) ⇒ (3)”. This implication is straightforward and so we leave the
details to the interested reader.

”(3) ⇒ (2)”. What we need to show is that R is an abelian ring. To
that purpose, given an arbitrary element r ∈ R and an idempotent e ∈ R,
one has the representations:

−e = (−1) + (1− e) = (−1 + (1− e)re) + (1− e− (1− e)re).

Clearly, (1 − e)re is a nilpotent, so −1 + (1 − e)re is a unit as well as
both 1 − e and 1 − e − (1 − e)re are idempotents as the latter satisfies
the intersection requirement of Definition 1.1 pertaining to −e. Therefore,
by the uniqueness of idempotents, (1 − e)re = 0 leading us to the desired
conclusion that re = ere.

Moreover, by a reason of some symmetry,

e− 1 = −1 + e = [−1 + er(1− e)] + [e− er(1− e)],

where er(1 − e) being a nilpotent ensures that −1 + er(1 − e) is a unit,
whereas e−er(1−e) is an idempotent and the elements e−1 and e−er(1−e)
satisfy the intersection condition in Definition 1.1. Now, by the uniqueness
of idempotents, we obviously have er(1−e) = 0 which means that er = ere.
Combining this with re = ere, we unambiguously have that e is central,
because r is arbitrary, as needed. 2
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It is worth mention that point (3) of the last result actually enlarges [6,
Theorem 3.4], which refer to uniqueness in unit-regular rings, since strongly
regular rings are exactly the subdirect product of division rings.

The next assertion, which can be viewed as a common extension of
the previous Proposition 2.3, is somewhat quite curious. In fact, it is well
known that the center of a (strongly) clean ring need not be clean (see,
for example, [23]) but, however, the center of a regular ring is regular (and
hence strongly regular) as well.

Proposition 2.4. IfR is a weakly unit-regular ring, thenC(R) is a strongly
regular ring.

Proof. Letting a ∈ C(R), there exist e2 = e ∈ R, u ∈ U(R) and x ∈ R
such that a = e + u + (1 − e)xa with eR ∩ aR = {0}. So, ae = ea ∈
eR ∩ aR = {0}. It follows that a = (1 − e)a = (1 − e)u + (1 − e)xa.
Multiplying the above equation by a on the right, we obtain that a2 =
(1 − e)ua + (1 − e)xa2 = ua + xa2 since a ∈ C(R) and ae = 0. Then,
a = u−1(1 − x)a2 ∈ Ra2 = a2R. Thus, a is a strongly regular element
in R. By [19], one may write that a = fv = vf for some f2 = f ∈ R
and v ∈ U(R). Next we show that f ∈ C(R). To that aim, for any
y ∈ R, one sees that fy(1 − f) = v−1ay(1 − f) = v−1ya(1 − f) = 0,
whence fy = fyf . Similarly, we deduce that yf = fyf . This proves that
f ∈ C(R). Writing w = a − (1 − f) = fv − (1 − f), one deduces that
w ∈ C(R) ∩ U(R) with the inverse fv−1 − (1 − f). Therefore, we finally
conclude that a = af = wf = fw is strongly regular in C(R), as desired.
2

Recall that a ring R is said to be directly finite (or, in other words,
Dedekind finite) if, for any two elements a, b ∈ R satisfying ab = 1, it
follows that ba = 1. It is principally known that unit-regular rings are
directly finite. The following statement could be treated as an expansion
of this crucial fact.

We are now ready to proceed by proving one of our chief results.

Theorem 2.5. Weakly unit-regular rings are directly finite.

Proof. For any element a of such a ring R we write that a = u + e +
(1− e)xa with aR∩ eR−{0}, and let ab = 1 for some b ∈ R. What suffices
to prove is that ba = 1. To that goal, having in mind that abe = e ∈
eR ∩ aR = {0}, we thereby have that e = 0 and hence a = u + xa, that
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is, a − xa = u. Consequently, ab = ub + xab, i.e., 1 = ub + x and thus
u−1(1 − x) = b. Therefore, ba = u−1(1 − x)a = u−1(a − xa) = u−1u = 1,
as wanted. 2

The next direct consequence is of some importance showing the inde-
pendence of the classes of regular and weakly unit-regular rings.

Corollary 2.6. There exist regular rings (and thus a semiprimitive weakly
clean ring) which are not weakly unit-regular.

Proof. Firstly, in virtue of [8] (see the discussion on p. 134 in [13] too),
the ring of all linear transformations of an infinite dimensional vector space
over a division ring is regular but not directly finite.

Secondly, in view of [11, p.13, Example 1] there is a regular ring which
is not directly finite.

So, in both cases, we just apply Theorem 2.5 to conclude the claim as
these two kind of rings violate the statement in that theorem. 2

Nevertheless, the next example gives some more light in constructing
regular rings that are not weakly unit-regular.

Example 2.7. There exists a directly finite regular ring which is not weakly
unit-regular.

Proof. In accordance with [11, p.14, Example 2], there is a regular ring
S which is directly finite but not unit-regular and which fails to be even
weakly unit-regular. The verification of the latter claim we leave to the
interested reader. 2

It was shown in [13, Corollary 7] that matrix rings of any size over
unit-regular rings are again unit-regular. The same result for regular rings
can be found in [16] and for clean rings in [10]. That is why, the question
of whether or not the same claim holds for weakly unit-regular rings is of
some interest.

As usual, for an arbitrary n ∈ N, the letter Mn(R) denotes the full
matrix ring over a ring R.

In regard to [21, Proposition 2.2] and expanding [14, Corollary 6.6], one
may state the following:

Proposition 2.8. If the element a of an arbitrary ring R is special clean,

then so does the element

Ã
a 0
0 0

!
of a ring M2(R).
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Proof. Write a = e + u for some e ∈ Id(R) and u ∈ U(R) with
aR ∩ eR = {0}. Therefore, one can representÃ

a 0
0 0

!
=

Ã
e (e− 1)u
0 1

!
+

Ã
u (1− e)u
0 −1

!
,

where it is not too hard to inspect directly that the first term is an idem-
potent, and the second term is a unit. Consequently, what remains to
check is that the relation [AM2(R)] ∩ [EM2(R)] = {0} is true, provided

A =

Ã
a 0
0 0

!

and E =

Ã
e (e− 1)u
0 1

!
. To that aim, writingÃ

a 0
0 0

!Ã
x1 y1
z1 d1

!
=

Ã
e (e− 1)u
0 1

!Ã
x2 y2
z2 d2

!
,

for some x1, x2; y1, y2; z1, z2; d1, d2 ∈ R, we just detect thatÃ
ax1 ay1
0 0

!
=

Ã
ex2 − (1− e)uz2 ey2 − (1− e)ud2

z2 d2

!

so that z2 = 0 = d2 being immediately true implies that ax1 = ex2 ∈
aR ∩ eR = {0} and that ay1 = ey2 ∈ aR ∩ eR = {0}, substantiating the
validity of our pursued relationship. 2

Remark 2.9. Trying to give some reminiscent of the last matrix presen-
tation of diag(a, 0), and in conjunction with [3, Lemma 4.2], we will show
that the above idea does not work properly further for diag(a, 1).

Indeed, for a = e+u with e ∈ Id(R) and u ∈ U(R) such that aR∩eR =
{0}, one writes that

Ã
a 0
0 1

!
=

Ã
e (e− 1)u
0 1

!
+

Ã
u (1− e)u
0 −1

!
+

Ã
0 0
0 1

!
,

where B :=

Ã
a 0
0 1

!
, and the other notations are as those stated in the

preceding statement. Moreover, the last term

Ã
0 0
0 1

!
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is obviously an idempotent.

However, the matrix B cannot be represented of the form B = E +

U + (1 − E)XB for some X =

Ã
x1 x2
x3 x4

!
∈ M2(R). In fact, 1 − E =Ã

1− e (1− e)u
0 0

!
, so that (1−E)XB contains a second row consisting

of two zeros whence different to the matrix

Ã
0 0
0 1

!
, as expected.

The next two constructions illustrate that the notions of almost unit-
regularity and weak unit-regularity are independent each to other.

Example 2.10. There exists an almost unit-regular ring which is not weakly
unit-regular.

Proof. In [3, Example 2.8] was constructed an almost unit-regular ring
which is not regular. We will demonstrate now that the so-stated rings
is too not weakly unit-regular. In fact, let F be a field, let R = M2(F ),

and let P =

(Ã
a b
0 a

!
| a, b ∈ F

)
. Then P is obviously a unital subring

of R, and the ring K[R,P ] is almost unit-regular which is neither regular
nor local. What we intend to do now is to show that K[R,P ] need not be
weakly unit-regular as well. Indeed, consider the constant element

A =

ÃÃ
0 1
0 0

!
, . . . ,

Ã
0 1
0 0

!
, . . .

!
∈ K[R,P ] by noticing that P is

not a weakly unit-regular ring. To see that, given B =

Ã
0 1
0 0

!
∈ P ,

assume to contrary that there is an idempotent matrix E and an invertible
matrix U , both in P , such that

B = E + U + (I2 −E)XB with BP ∩EP = {02},

where I2 and 02 are the identity matrix and the zero matrix in P , respec-
tively. Since by a plain computation we found that the only idempotents
of P are either 02 or I2, we have at once that E = 0. Thus B = U +XB.
Writing
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X =

Ã
X1 X2
0 X1

!
, we therefore deduce that

U = B −XB =

Ã
0 1
0 0

!
−
Ã
0 X1

0 0

!
=

Ã
0 1−X1

0 0

!
is not invertible by a direct inspection, a contradiction, showing also that
A is definitely not weakly unit-regular in K[R,P ], and so we are through.
2

Of great interest is to construct a weakly unit-regular rings which is
neither regular nor clean. In that way, one states the following:

Conjecture: A ring is unit-regular if, and only if, it is both regular and
weakly unit-regular if, and only if, it is both clean and weakly unit-regular.

We end our work with the following challenging questions of some in-
terest and importance.

It was proved in [1, Theorem 5] (see also [7, Lemma 3.9]) that any
regular ring with bounded index of nilpotence is unit-regular. We shall
now somewhat slightly expand this fact to the following one:

Problem 2.11. Are weakly unit-regular rings with bounded index of nilpo-
tence unit-regular?

As we have seen above abelian (in particular, commutative) weakly
unit-regular rings are themselves unit-regular (and thus strongly regular).

Problem 2.12. Is there a non-abelian weakly unit-regular ring which is
not (almost) unit-regular?

We continue with the standard matrix question of whether or not the
property ”weak unit-regularity” is preserved by the full matrix ring. Notice
that for unit-regular rings this question is completely settled in [13].

Problem 2.13. Suppose R is a ring and n ∈ N. Does it follow that the
full n × n matrix ring Mn(R) is weakly unit-regular if, and only if, R is
weakly unit-regular?

We suspect that ifMn(R) is weakly unit-regular, then R is also weakly
unit-regular as well as if R is weakly unit-regular, then M2(R) is weakly
unit-regular. For naturals n ≥ 3, Mn(R) need not be longer weakly unit-
regular even if R is so.

Our next query is the following:



Generalizing unit-regular rings and special clean elements 1133

Problem 2.14. Characterize those rings R for which, for every a ∈ R,
there exist u ∈ U(R) and e ∈ Id(R) such that a − u − e ∈ (1 − e)Ra or
a− u+ e ∈ (1− e)Ra with aR ∩ eR = {0}.

In the sense of results from [4, Theorem 2.2] and [26], are these rings
just weakly unit-regular?
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